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1 Preliminaries

1.1 The indicial notation and summation convention

In a real three-dimensional vector space ¥ with basis vectors e, e;, €3 a vector v may be
written
V = v1€1 + vseq + Vses, (11)

where (v1,v9,v3) are the components of v with respect to the basis e, ey, e3. Here,
we take eq,ey,e3 to be orthonormal (i.e. mutually orthogonal unit vectors), and this
condition may be written compactly in the form

0if i # j,

where ¢;; is the Kronecker delta, defined by the right-hand equality in (1.2). Note
that the notation (i, j, k) is often used for the basis vectors e, e;, €3 but this notation is
unsuitable for our purposes.

ei-ejzéij:{llflzj (12)

When it is understood that the basis e;, e, e3 is being used then the vector v may be
represented by the triad of components (vy, vo, v3) or, more compactly, simply as v;, where
it the index (or suffiz) i takes values in the set {1, 2, 3}.

Letters ¢, j, k, ... are used as indices; each takes values in the set {1,2,3}.

We now write (1.1) as
3
VvV = Zviei. (13)
i=1

In shorthand notation (the summation convention) we rewrite (1.3) as
VvV = ;€;. (14)
By convention, summation over any index (in this case 1) from 1 to 3 is implied by

repetition of that index.

Any index over which there is summation is known as a dummy index (because any choice
of letter to represent the summation will do). Thus, v;e; = vje; = vye,, for example.

Examples

20 2 42
1. aa; =a7+ a5+ a3

2. apbp = a1b1 + a2b2 + a3b3



Any index over which there is no summation is called a free index. Thus, on its own, a;
represents the vector a, and
aybpa;,

where p is a dummy index and i is a free index, represents the vector (a,b,)a with a,b,
being just a number [see exercise (ii) below].

Examples

(11) a-b= (aiei) . (bjej) = aibjei ‘€ = aibj&-j = aibi

1.2 The alternating symbol
Now consider a x b = (a;e;) x (bje;) = a;b;e; x e; and note that
0 ifi=j
e; X e; = < +e; if (ijk) is an even permutatino of (123)
—ey, if (ijk) is an odd permutation of (123).

This prompts us to write e; X e; as a linear combination of the basis vectors in the form
€; X €; = €€k, (15)

noting that there is summation over the repeated index k, where the alternating symbol
€k 1s defined by
+1if (igk) is an even perm of (123)
€k = § —1if (ijk) is an odd perm of (123) (1.6)
0 otherwise

The properties
€ijk = €kij = €jki,
€ijk = —Cjik = —€ikj = ~Ckji
follow immediately from the definition (1.6). Note, in particular, that €;;; is antisymmet-

ric in any pair of indices.

Returning to the calculation of a x b we now obtain

axb= aibj(eijkek)
= €pijaibjey
= eh-jaibjel + EgijaiijQ + €3ijaibjeg

= (asbs — asba)e; + (asby — arbs)es + (arby — azby)es

carrying out first the summation over k then the summations over ¢ and j together using
the properties of (1.6).



In index notation we may write the & component of a x b as €;;a;b;, for example.

Examples

1. The triple scalar product a - (b X c)

a- (b X C) = ak(b X C)k = CLk(EkijbiCj) = ekijakbicj.

By carrying out the summations over 4, j, k it can be seen that this is equivalent to the

determinant
ay as asg a; by ¢

bl bg bg or as b2 Co
C1 C2 C3 ag bz c3

from which the symmetries
a-(bxc)=c-(axb)=b-(cxa)

may be deduced.

2. The identity
€kij€kpg = Oipdjq — 0igljp. (1.7)
Since €kij€kpg = €1ij€1pq + €2i5€2pq + €3ij€3pq WE S€€ from the definition (16) that
0ifi=j0rp=gq
0 if ¢ # j,p # q and pq # ij or ji
+1 if pg =15 (i # j)
—1if pg = ji (i # j)

This covers all possible combinations of ¢jpg. The expression 6;,0;, — 0;40,,, takes precisely

€kij€hpg =

the same values in each of the various cases. Hence (1.7) is established. Check by
considering specific values of ijpg. A better proof of the identity (1.7) will be provided
later in the context of isotropic tensor theory.

3. The triple vector product a x (b x c)

[a X (b X C)]Z = eijkaj(b X C)k
= €1ij; (€xpgbpCy)
= €kij€hpa;bpCq
= (dip0jq — 0ig0jp)ajbpcy
= ;0ipbpdjqCq — a;j0;bpoigCq
= ajbicj — CijjCi
= (ajc;)bi — (azb;)c
= [(a-c)b— (a-b)c];.

3



Since this holds for each index i we deduce the standard identity

ax(bxc)=(a-c)b—(a-b)c.

4. The curl of a vector function in index notation

This is defined by

0
[V x F]; = ‘fijka_ijk (1.8)

analogously to the cross product of two vectors.

Note that the identity (1.7) can be used whenever two cross products occur, as shown in
the example below.

5. Prove the identity V x (V x F) = V(V - F) — V?F

0
[V X (V X F)]z = GHka—%(v X F)k

= 6ijk£ <€kpqaiprq)

J

0°F,
J p
0°F,

= (0ip0jq — 5@'q5jp)m
PR, PR

- 0%8:16, ax]ﬁmj

9, (8F]> 0*F,

:(%Z axj _axjaxj
0

= .F) — V2F.
-—(V - F) - V*F,

— [V(V-F) - VF),

and hence the required identity.



2 Cartesian tensors

2.1 Change of basis

Let ¥ denote a three-dimensional (Euclidean) vector space, and select right-handed or-
thonormal basis vectors eq, es, es for ¥ so that

1if i = j
RPN S 2.1
i€ = % {Oifz’;éj. (2.1)

Then, in the summation convention, any vector v can be written as

V = U;€; (22)
with respect to the chosen basis.
A es
/
€3 7 e,
L L
N Vs
N
—
\
Ny €2
€
€1

Now choose a second orthonormal basis €, €}, e;. Again, we have the connections
e; - e; = 0y, (2.3)
and we may also decompose v with respect to this new basis as
v = e, (2.4)
Since ¥ has three dimensions, €, must be expressible as a linear combination of ey, €3, €3
for each 7 € {1,2,3}. We write this in the form
e, = l;;e; (i € {1,2,3}; sum over j). (2.5)

It follows from (2.5) that

lij =e - €, (26)

bt



which are the so-called direction cosines of €] relative to e;.

From (2.3) and (2.5) we have

and similarly

lkilkj = 61]

Thus

In matrix notation, defined by L = (lij)i7j=172,3 < ngg(R), I = (5,']')1',]':17273 € ngg(R),
equations (2.7) may be expressed as

LY =1=L"L, (2.8)

from which it follows that det(LL”) = 1 and hence det L = +1. Thus, L is an orthogonal
matrix. If det L = +1 then L is said to be proper orthogonal, and it represents a rotation,
while if det L = —1 then L is said to be improper orthogonal, and it represents a rotation
combined with a reflection.

We now have
/
live; = liklijej = 0k€; = €y,

and, combining this with (2.5), we obtain the connections
eg = lijej, e; = ljie;. (29)

Also, since

v =ve; = vile;, v =ue;

we obtain v = [;;v;, and, similarly, v; = ljivé. Thus, the components of a vector transform
in the same way as the basis vectors under a change of basis — compare (2.9) with

Examples

1. If the origin is fixed then the components of the position vector x transform according
to
zg = lijzy, x5 = lijag,

and it follows that
v 8[Ej a 8ZE/4 '

)




2. The transformation of basis vectors defined by

cosf sinf 0
L= —sinf cosf 0
0 0 1

leaves e3 unchanged and represents an anticlockwise rotation through an angle 6 in the
(1,2)-plane.

3. The transformation of basis vectors defined by

cos2a sin2a 0
L= |sin2a —cos2a 0
0 0 1

represents a rotation through an angle 2a: about ej followed by a reflection in €] in the
(1,2)-plane.

2.2 Definition of a Cartesian tensor

The following definition relates to the three-dimensional space ¥/, but is equally applicable
to vector spaces of higher dimension.

A second-order tensor T is a linear mapping T : ¥ — 7.

If we consider V in conjunction with the set of all possible right-handed orthonormal basis
vectors related by (2.9) with L proper orthogonal then T is referred to as a Cartesian
tensor, and its components T;; and T}, relative to the bases {e;} and {e}} respectively
are related by

Tz/g = lipququ- (2-11)

The transformation rule (2.11) can be established as follows. Let u € ¥ and let v =
Tu € 7, so that

v = Tiyuy, v = Tju;
with respect to bases {e;} and {e}} respectively. But, since u and v are vectors, we have

vp = lipy, U = Ljquyg.
Hence

LipTpquq = lipvp = Tz‘/jquum

which may be re-written as

(liprq - E/jqu)uq =0.
This must hold for all choices of u,. Hence

lipTog — Tl Ly = 0.

1p’Pq
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Multiplication of this by [;, then gives

LipliqThq - T (lpquq) =0,

ie.

Tz/j = lipququv
as required.
In matrix notation, we write

[T) = L[T]L".

Analogously to (2.11), a Cartesian tensor of order n — in brief CT(n) — has components
Tijk... (with n indices 4, j, k, ... ) which transform according to the rule

Tl = liplialir - - Tpar.. (2.12)

under a change of orthonormal basis. [More generally, T is referred to as multilinear
mapping over ¥, but we shall not use this terminology in this course.]

Examples
1. A scalar is CT(0): o = a.
2. A vector is CT(1): v} = l;;v;.

3. The dyadic (or tensor) product of two vectors u and v, denoted by u ® v, is CT(2).
Its components are defined by (u® v);; = u;v;, and the transformation rule is simply

(u® V) u = liptpljqug = lipliqupvy = lzpqu(u ® V)

4. The Kronecker delta is CT(2):

6/

(lipey) - (1 qeq)
i l]q(ep e,)
Lipl;

Opg (= 0i5)

Note that the components of the Kronecker delta are the same for all (orthonormal)

iphiq

bases. The Kronecker delta is an example of an isotropic tensor. Isotropic tensors will
be discussed later.



2.3 The tensor product notation

The tensor product notation has been defined in Example 3 above. An alternative def-
inition (without reference to choice of basis) is as follows. For a given pair of vectors u
and v the tensor product u ® v is defined by the identity

(u®@v)a=(v-aju forallae¥. (2.13)
The component form of (2.13) with respect to the basis {e;} is

(u® Vv);a; = via;u; forallae 7,
and this is equivalent to the definition given in Example 3.

Important note: in general, a CT(2) cannot be represented as the tensor product of
two vectors, i.e. a given T cannot be written in the form u ® v for any pair of vectors
u,v € 7. However, T can always be written as a linear combination of products of the
form u ® v; the reason for this is as follows.

Note that if o and § are scalars and S and T are CT(2) then aS + ST is also CT(2). It
follows that the set of all CT(2)s forms a vector space (not the same as #'). This space
has dimension 9 = 3% (note that T;; has 9 components — 111,112, Ths, ..., Ts3). A basis
‘vector’ for this 9-dimensional space can be written as e; ® e; — there are 9 such objects
altogether:

e1Xe e ey e ®e;

€ e ey ey e ey
e3®e1 63®92 e3®93.

Note, in particular, that e; ® e # e; ® e;.

Thus, T may be written in the form

T =T,je;®e; (sum over ¢ and j) (2.14)
=The ®e +Tse; ®ey+Tize; Res
+Th1e0 @ €1 + Thoes @ €y + Thzes ® eg
+ 13163 @ e + Tiez @ ey + Thzes ® e

If we choose a second basis €] ® €} then we may also write

T =T,e;® e (2.15)

iJ T

Consider the operation of T on a vector u:

Tu = (E]’ei & ej)u by (214)
= Ej (u : ej)el- by (213)
= ﬂjUjei.



Thus,
(Tu); = Tiju;.

More particularly,

Te; = (Tpeep ® €g)e;
The(eq - €5)ep
Th0qi€p = Tpjep

and hence
e; - (Te;) = Tpe; - €, = Tp;0i = Tij.

For a given T and choice of basis {e;}, therefore, we may define the components T}; by

T;; =e; - (Te;) = (Te;j) - e;. (2.16)

2.4 The transpose of a CT(2)

The transpose TT of T is defined via the identity
(Tu)-v=(T'v)-u forallu,vevr. (2.17)
Taking u = e;, v = ¢; in (2.17) and using (2.16) we deduce that

T = (),

as might be expected. Note that

(a®b)’ =b®a.

Definition
T is symmetric if T? =T

T is skewsymmetric or antisymmetric if TT = —T

Note that a symmetric CT(2) has 6 independent components and a skewsymmetric CT(2)
has 3 independent components, and that any CT(2) T can be written as the sum of a
symmetric and an antisymmetric part:

T:%(T+TT)+%(T—TT). (2.18)

2.5 The axial vector associated with a skewsymmetric CT(2)

If W is a skewsymmetric CT(2) then there exists a vector w € ¥ (called the axial vector
of W) such that
Wv=wxv forall ve 7. (2.19)
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Proof. Since W is skewsymmetric (W;; = —W};) it may be written
W=Wyes ez —e3@ey) + Wiz(ep ®e3 —e3@e;) + Wig(ey ®e; — e ®ey).
Then, using (2.13), we obtain

Wv = Wysvsey — Wasvaes + Wigvse; — Wigvies + Wigvaer — Wisvies
= (Whzvs + Wigvg)ey + (—Wiavy + Wagvsg)ey + (—Wagve — Wiz )es.

By writing wy = —Wa3, wy = Wiz, w3 = —Ws this becomes
Wv = (11)2?}3 — 'LUg?Jg)el + (U}3’Ul — wlvg)eg + (11]1?)2 — wz?}l)eg
=W X V.
2.6 Scalar product of a CT(2)

The vector space CT(2) has a natural scalar product:
ST =tr(S"T) = tr(ST") = ST,

It is straightforward to prove that

(a) if S is symmetric,

1
S-T:S-TT:S-[i(TﬁLTT)};

(b) if W is skew-symmetric,

W.T=-W-T"T=W. B(T—TT)};

(¢) if S is symmetric and W is skew-symmetric,

S-T=0;

(d) it T-S =0 for every S €CT(2), then T = O;
(e) if T-S =0 for every symmetric tensor S €CT(2), then T is skew-symmetric;
(f) if T-S =0 for every tensor skew-symmetric S €CT(2), then T is symmetric.

A second-order Cartesian tensor T is invertible if there exists a tensor T—!, called the

inverse of T, such that
TT '=1=T"'T.

It can be proved that T is invertible if and only if det T # 0.

11



The identities

det(ST) = det Sdet T,
det TT = det T,
det(T™!) = (det T)™?,
(ST) ' =TS,
(T~ = (T7)!

will be useful. For convenience, we use the abbreviation

ST = (Sfl)T.

A tensor Q €CT(2) is orthogonal if it preserves the scalar products:

Qu-Qv=u-v Yuvev?. (2.20)

The following proposition gives a characterization of orthogonal tensors.

Proposition 1. A necessary and sufficient condition that Q be orthogonal is that
Q'Q=1

A second-order tensor T is positive definite provided

u-Tu>0 Vue? —{0}.

Throughout this course we will use the following notation

Lin" = {T € CT(2) : det T > 0},

Sym = {T € CT(2) : T? = T},

Skw = {T € CT(2) : TT = —-T},

Psym = {T € Sym : T positive definite},
Orth = {T € CT(2) : T orthogonal},
Orth™ = {T € Orth : det T = 1}.

2.7 Contraction of tensors

sum over k. These indices are then said to be contracted, and the effect of this operation
is to produce a CT(n — 2). This procedure is illustrated by the following examples.

Examples

1. Suppose T;; are the components of a CT(2), so that, under a transformation of basis,
they change according to
Tz/g = lipququ-

12



Contraction of ¢ with j gives
Cz—‘i/i - lipliquq - 5qupq = Tpp = ﬂz

Thus, T}; is a CT(0). In fact, it is an example of a scalar invariant of T, called the trace
of T, denoted tr(T).

2. Under contraction the tensor product u® v becomes the scalar product u-v since the
components u;v; contract to u;v;.

3. If T} are the components of a CT(4) then
Ti/jkl = lipqulkrllsquTS'
Contraction of the indices k and [ gives
z/]kk = lipqué?“s pqrs — lipququrT»

so that Tj;k; are the components of a CT(2). [The proof in the general case is similar.]

2.8 The determinant of a CT(2)

Recall from Section 0 that if u, v,w € ¥ then their triple scalar product may be written

as a determinant
U V1 Wy

u- (VW)= |us vy wo
Uz U3 w3

or, equivalently, in terms of the alternating symbol, as

Uy V1 Wy
EpgrUupUVqWr = | Ug V2 W2

U3 V3 Ws
It follows that if 7;; are the components of a CT(2) then

Ty Thj Thg
queriquTrk = T2i sz Tgk
T3; Ts; T3y,

By considering different values of ¢, 7, K we may deduce that

Ty; Ty Thy
Ty Ty Top | = [det(Tomn)€iji
T3; T3 Ty,
where
Ty Tho Ths
det(Tinn) = | Tor Too Tos
T3, T3z T33

13



Hence
€pgrLpilyi Tri = [det(Tmn)]eijk. (2.21)

In particular, by taking i = 1, 7 = 2, k = 3, we obtain an expression for det(7},, ), namely
det(Tmn) = quTTpquQT’rB' (222)

An alternative expression for det(7},,) can be obtained by multiplying (2.20) by €;;, and
noting that

€ijk€pgk — 5ip5jq - 5z‘q5jp, €ijk€ijk — 6,
to give

1
det(Tmn) = 6€ijk€pq7’TpiquTTk' (223)

Important example

The result (2.21) applies for any matrix (7;;). In particular, application to (l;;) and use
of the fact that (;;) is proper orthogonal, so that det(l;;) = 1, leads to

€ijk = qurlpilqjlrk- (2.24)

This indicates that €;;, are the components of a third-order isotropic tensor — see Section
2.9 for further discussion of isotropic tensors.

Example

We show that det(T;;) is independent of the choice of (orthonormal) basis.

det(T7;) = €, T TooT 7 using (2.22)

= €pgr (Upil1; i) (gl Thr) (Lrnlsn Tonn)
using (2.24) and (2.12)

= €pgrlpilgrlrmlijlolsnTi T Tomn

= €itmLij T Dnl1jloilzn
using (2.24) and rearranging

= [det(T3;)|€jmlrjlailan using (2.21)

= det(7T};)€e123 (using (2.24))

= det (7).

This allows us to define the determinant, det T, of a CT(2) as det(7;;) for any choice of
(orthonormal) basis. It is a scalar invariant of T.

14



2.9 Isotropic tensors
Definition: if the components of a CT(n) T are unchanged under arbitrary rotations of

orthonormal bases then T is said to be isotropic.

Examples
1. CT(0): all scalars are isotropic.

2. CT(1): 0 is the only isotropic vector.

This may be proved as follows. To satisfy the definition of isotropy we require
lijuj =u; =wu;  for all rotations (;;).

We are free to choose [;; to be any rotation. The choice

010
0 01

(representing a rotation of w/2 about e3) leads to u; = us = 0. Any other choice leads
immediately to u3 = 0 and hence u = 0.

3. CT(2): scalar multiples of ¢;; are the only isotropic CT(2).
For isotropy we require
Lipliqupg = u;j = w; for all rotations (I;;).

The same choice as in Example 2 gives w13 = ug,u13 = ugz = 0. Choosing (I;;) to
represent a rotation through 7/2 about e; instead of e3 gives uge = uss, us; = uz = 0
etc. and we finish up with u;; = u110;;, where u;; is an arbitrary scalar.

4. CT(3): scalar multiples of €, are the only isotropic CT(3).

This can be proved in a similar way to the proof given in Example 2 (details are omitted
since they are a bit tedious).

5. CT(4): the only independent isotropic CT(4)s with free indices i, j, k,[ are scalar

multiples of
0ijOks  Oikdji,  Oudjp

and the most general isotropic CT(4) has components of the form
030k + B0ir051 + V0,

where «, 3,7 are arbitrary scalars (the proof follows the same pattern as before and is
omitted).

15



6. We use the result of Example 5 to prove the identity
€ijk€pgk = 5ip5jq - 5iq5jp'

Since ¢, is isotropic CT(3) it follows that €;;1€y, is isotropic CT(6) and hence, on
contraction, we deduce that €;;5€pq is isotropic CT(4). But, the most general isotropic
CT(4) has the form given in Example 5, so we can write

€ijkEpgk = 0ij0pq + Bdip0jq + 70iq0jp-
Setting ij = 11,pq = 22 in the above leads to a = 0. Next, setting 17 = pqg = 11 gives

B+~ =0 and finally ¢j = pqg = 12 gives 8 = 1. Hence the identity is established.

7. For tensors of higher order than 4 we note here that if n is even then the only isotropic
CT(n)s are linear combinations of products of Kronecker deltas, while if n is odd the only
isotropic CT(n)s are linear combinations of the products of one alternating symbol and
an appropriate number of Kronecker deltas.

2.10 Eigenvalues and eigenvectors of a second-order tensor

Let T be a second-order tensor. A scalar A is an eigenvalue of T if there exists a non-zero
vector u € ¥ such that
Tu = Au, (2.25)

in which case u is called an eigenvector of T corresponding to the eigenvalue .

The set of homogeneous equations (2.25) has non-trivial solutions if and only if
det(T — AI) = 0. (2.26)

This is called the characteristic equation for T, which is a third-degree algebraic equation
in \. Therefore any second-order tensor has at least one real eigenvalue and at most three
real eigenvalues. The list of the eigenvalues of T in which each eigenvalue is repeated a
number of times equal to its algebraic multiplicity is called the spectrum of T.

Proposition 2. The eigenvalues of a positive definite second-order tensor are strictly
positive.

Proof. Let X\ be an eigenvalue of a positive definite tensor T, and let u be a corresponding
eigenvector, i.e. Tu = Au. Then, since u # 0, Aju|? = u- Tu > 0 and thus A > 0. O

Expansion of the determinant (2.26) leads to the equation

N — [ (T)N + L(T))A — I3(T) =0, (2.27)
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where

L(T) = 4T,
L(T) = % [(trT)? — T2 | (2.28)
I(T) = det T.

These quantities are called the principal invariants of T. This terminology follows from
the invariance of the trace and the determinant of a second-order tensor under change of
basis of 7.

Cayley-Hamilton theorem: FEvery second-order tensor T satisfies its own character-
1stic equation

T? — [,(T)T? + LL(T)T — I3(T)I = O. (2.29)

2.11 Symmetric second-order tensors

For symmetric second-order tensors the results of the previous section can be made more
specific. Let T be a symmetric CT(2). Consider the quadratic form

o(x) = (Tx) -x = Tz x;

2.30
ET11$%+"'+2T12$1£L'2—|—... ( )

The equation

P(x) =c, (2.31)
where ¢ is a constant, defines a quadratic surface (ellipsoid, paraboloid or hyperboloid).
For example, if TH = 1/@2, TQQ = 1/b2, T33 = 1/02, Tlg = T23 = T13 = 0 and the ¢ in
(2.31) is 1, then we have an ellipsoid with semi-axes a, b, c. The vector V¢(x) is normal

to the surface (2.31) at the point x and from (2.30) we calculate
Vo(x) = 2Tx.

When the position vector x of a point P on the surface (2.31) is parallel to the normal
at P then the direction OP is said to be a principal direction (or principal axis) of the
quadratic surface, and hence a principal direction (or axis) or eigenvector of T. This
requires that V¢(x) is proportional to x, and hence

Tx = A\x (T}jz; = Az; in index notation), (2.32)
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where \ is a scalar—the principal value (or eigenvalue) associated with the principal
direction (or eigenvector) x.

Theorem

3)

a) There exist three mutually orthogonal eigenvectors, x(*), x® x®) say,

(

(b) the eigenvalues Aj, A2, A3 are real,
(c) orthonormal basis vectors €/, €}, €}, coincident with x %@ x6) can be chosen so
t

hat T has components T}; = \;id;; (no summation), i.e.

3
T=>) \e e (2.33)
=1

(c) is also known as the Spectral Representation.

Proof: from (2.32) we have
(T-\Dx® =0 ie{1,2,3}.
Choose axes €/ coincident with x(*), so that
Te, = \;¢; (no sum over 7).
Next, take the dot product of this equation with €:
TZ’J = TJ'Z = e;- - (Te}) = Aie; cef = Ny

Thus,
T=T¢e® e;,

1)

= \idj;e; ® e} (sum over ¢ and j)

=37 e el
2.12 Higher-order tensors
Extended tensor product notation A CT(n) can be represented in the form

T=Tj.eRe e ®...
The tensor product of a CT(m), S, and a CT(n), T, is a CT(m + n) defined by
ST =(Sjke®e®...)0 Ty . epRe,R...)
= Sijk...qur...ei X €; (SN €p (%9 €y X ...

Note: there is no need to distinguish between, for example, (e; ®e;)®e; and e;® (e;Xey),
and we therefore write e; ® e; ® ey, omitting the brackets.
Note: if S and T are both CT(n)s and «, 5 are real numbers then aS+ T is also CT(n).

CT(n)s therefore form a vector space of dimension 3" with basis ‘vectors’ e; ®e; ®e;®. ..
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3 Kinematics

3.1 Bodies, configurations and motions

Definition: A body B is a set whose elements can be put into one-to-one correspondence
with points of a region B in three-dimensional Euclidean point space.

The elements of B are called particles (or material points), and B is called a configuration

of B.

As the body moves the configuration changes with time. Let ¢ € I C R denote time,
where [ is an interval in R. If, with each ¢ € I, we associate a unique configuration B, of
B then the family of configurations {B; : t € I} is called a motion of B. We assume that
as B moves continuously then B; changes continuously.

It is convenient to identify a reference configuration, B, say, which is an arbitrarily chosen
fixed configuration. Then, any particle P of B may be labelled by its position vector X
in B, relative to some origin O. Let x be the position vector of P in the configuration By
at time ¢ relative to an origin o (which need not coincide with O).

We say that B occupies the configuration B; at time ¢t — B; is also referred to as the
current configuration.

[Note that B, need not be a configuration actually occupied by B during the motion, but
is often chosen to be the configuration occupied by B at some prescribed time.]

Since B, and B; are configurations of B there exists a bijection mapping x : B, — B;

such that
x = x(X) for all X € B,,

X =x"'x) forall x € By (3.1)
The mapping x is called the deformation of the body from B, to B;.

Since B; depends on t we write

x=x(X), X=x;'(x) (3.2)
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instead of (3.1), or
=x(X,t) forall X €B,, tel. (3.3)

For each particle P (with label X) this describes the motion of P with ¢ as parameter,
and hence the motion of B. It is usual to assume that x(X,t) is twice-continuously
differentiable with respect to position and time.

Example: Rigid motion

A motion is said to be it rigid if the distance between any two particles of B is invariant.

The motion defined by
= X(X, 1) = c(t) + Q)X. (3.4)

where c(t) is a vector and Q(t) is a proper orthogonal CT(2), is a rigid motion.

To show this we consider Y € B, so that

y =)+ Q)Y

Then
x -y =(x-y) (x—y)
=[QX-Y)]- QX -Y)]
[QTQ(X Y)]-(X-Y) (using (1.17))
=X-Y)- (X-Y) (since QTQ=1)
=|X-Y]2
In fact, although we have not proved it, every rigid motion can be expressed in the form
(3.4). Note that c(t) represents a translation and Q(t) a rotation.

In the development of the basic principles of continuum mechanics a body B is endowed
with various physical properties which are represented by scalar, vector and tensor fields
defined on either B, or B, (for example, density, temperature, shape of surface). In
the case of B, the position vector X and time ¢ serve as independent variables, and
the fields are then said to be defined in terms of the referential or material description.
Alternatively, in the case of B;, x and ¢ are used and the description is said to be spatial.
The terminologies Lagrangian and FEulerian descriptions are also used in respect of B,
and B, respectively.

Rectangular Cartesian coordinate systems with basis vectors {E;} and {e;} are chosen
for B, and B; respectively, with material coordinates X; and spatial coordinates x;. Thus,
relative to origins O and o respectively, we have

X = XZE“ X = x;€e;. (35)

[Note that other vectors may be referred to either basis and tensors may be referred to
either or to both simultaneously. Thus, a vector field u and a CT(2) T may be written

u=u;E; = e,
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T = T;jEZ X Ej = j:’z]Ez X €, = T,-jei X Ej = T;‘jei X €;,

for example.|

3.2 The material derivative

The velocity v of a particle P is defined as

0
=x=—x(X,t 3.6
v=x=x(X1), (3.6)
i.e. the rate of change of position of P (or 0/0t at fixed X). The acceleration a of P is
82
=v=x=—x(X,t 3.7
azv=sk= T x(X.1) (3.7)

where the dot indicates differentiation with respect to t at fixed X.

Let ¢ be a scalar field defined on By, i.e. ¢(x,t). Since x = x (X, t), we may write

o(x,t) = o|x(X, 1), t] = (X, 1), (3.8)
which defines the notation ®. Thus, any field defined on B, (respectively B,) can, through
(3.2), equally be defined on B, (respectively B;).

The material derivative of ¢ is the rate of change of ¢ at fixed material point P, i.e. at
fixed X. We write the material derivative as ¢ or D¢/ Dt.

By definition
.0
=—
¢ ot
By the chain rule for partial derivatives we then have
FO(X,t) = Bo(x,t) + G 2o(x, 1)
— % (x, t) + 88—’; . V¢(X, t).

(X,1).

Using (3.6) we thus have
0 . D¢

J— j— — a .
S PX ) =6="T0= 26+ v-Vo. (3.9)

Similarly, for a vector field

u(x,t) = u[x(X,?),t] = UX,t) (3.10)
(which defines U), we obtain
0 u Ju
—UX)t)=u=—=— . : A1
8tU( () =u o~ T (v:-V)u (3.11)
In particular, the acceleration a = v is given by
a:\'f:g—:—l—(v-V)v. (3.12)
We emphasize that
0 D 0
—| =—=—| +v-V. (3.13)



3.3 Differentiation of Cartesian tensor fields

Let ¢,u, T be scalar, vector and tensor functions of position x. The operation of the
gradient operator, grad or V, on these functions with respect to the basis {e;} is defined

0¢ .
8.’13'1' 79
gradu=Veu= 8xq®eq
= a?c (upep) ® €
8up

= 5. ® ey, (3.14)

as follows:
gradp = V¢ =

gradT=V®T = %T@ei
= %(quep ®ey) ® e
= aax ep ® eq ® e“ (315)
and similarly for higher-order tensors. Note that the operation of grad increases the

order of the tensor by one. Contraction of gradu gives V - u. There are several possible

contractions of V® T. We define div'T as follows.

a7,
divT = ﬁeq(ep -e;)

— the p— contraction. Since e, - €; = J;, we obtain

0Ty,

divT =
iv oz,

e, (3.16)

Exercise Show that (3.11) can be written as

. (")u

3.4 Deformation gradient

Let Grad, Div, Curl (respectively grad, div, curl) denote the gradient, divergence and
curl operators in the reference (respectively current) configuration, i.e. with respect to
X (respectively x).

We define the deformation gradient tensor F as
F(X,t) = Gradx = Grad x(X, t). (3.18)

With respect to the chosen basis vectors and with use of (3.14) we have

11 E— 7 E;
= ox; e OB = g o B,
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or, in component form,

8:62-

F; =
e

(3.19)

with x; = ;i (X, ).

We assume that det F # 0 (to be justified shortly) so that F has an inverse F~!, given
by

F ! =gradX, (3.20)
with components
0X;
F 1), =—" 3.21
(F = 5 (321)
This may be checked by means of the calculation
:F:Fi1 Z:E :Fi1 i — . - 12(51
( )] k( )kJ X, axj axj J
It follows from (3.19) that
aZEi
Fijde = 8_)(]de = dl’i7
ie.
dx = FdX, (3.22)
which has inverse
dX = Fldx. (3.23)

Equation (3.22) describes how small line elements dX of material at X transform under
the deformation into dx (which consists of the same material as dX) at x.

Line elements transform linearly since F depends on X (and not on dX). Thus, at each
X, F is a linear mapping (i.e. a second-order tensor).

If F is independent of X then the deformation is said to be homogeneous (the same at
each point of the body).

We justify taking F to be non-singular (det F # 0) by noting that FdX # 0 if dX # 0
— a line element cannot be annihilated.

Example
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Let ¢,u, T be CT(0), CT(1), CT(2) fields associated with a moving body. We establish

the following formulas:

Grad ¢ = FTgrad ¢,

Divu = Jdiv (J~'Fu),

where J is defined as

First, we calculate

Gradu = (grad u)F,
DivT = Jdiv (J-'FT), (3.24)

J =detF.

FTgrad ¢ = (83“ e, ® E; ) gf e,

=z (B ®e; )epaa(;S

N

= g;; g;;E- = 3 E; = Grad ¢.

Next,
(gradu)F = (g;‘j e ® ej> <<9xp e, ® E )

= Gt (ei9e)(e, O E,)
= g;“ 0z, -e; O E ¢0jp
=$wm®E
= aX ® E, = Grad u.

For the right-hand side of the third equation in (3.24), we calculate

Jdiv (J7'Fu) = J32 (J ' Fypeuy,)
quam +Juqax (J_leq)- (*)

But,
a%p(lep ) = %fraT(J 'Fyg) o
8J 98X, —-19X, 9fpq
—J” 265(] Dy Lpa +‘];§€5 3)@
- st x - T aQIP
=—J <J(F l)tsg§T> or aXp +J I%fz(p 0X40X,
s
In the above, we have used F),, = 0z,/0X, and the relation
9, oT
—(det T) = (det T)t (T*1—>.
5; (det T) = (det T)tr 5
Thus,
X; 02 X, 0?
i(J_leq):—J_la . 071, 40X, 0%z, _o
Oz, Oz 0X,0X; Oz, 0X,0X,
Hence, (x) gives
Jdiv (J'Fu) = £, Ot = 0% Oy _ Oy py

Mor,  0X,01, 0X,
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Similarly,
Jdiv (J7'FT) = J32 (J'F, T, E;)

= J o () B Ty By +F G2 E,
p

(. J/
-~

 Ozp T T T
= 3%, oo, E, = %, E, =DivT.

Proof of (3.26) For a small increment ¢ in time ¢ we have
F(X,746) =F(X,7) + 6F(X,7) + O(5°).

Then

1 1 .
a_}] = limg o [(X, £ +8) = J(X, )] = limg o [det(F + 0F) — 7]

But

det(F + 6F) = det[F(I+ 0F'F)] = (det F) det(I + §F'F)
= Jdet[§(F'F 4 07'1)] = J6% det(F~'F 4 67'1)
= 03J[0 3 4+ 02 (F7'F) + 6 ' L(F7IF) + I(F7'F)]
= J[1+ 6 L(F'F) 4+ O(6%)],
= J[1 46 tr(F7'F) + O(62)].

Now the limit is easily computed as (3.26).

By following similar arguments one can readily get the components of GradJ:

0
0X,

(det F) = (det F) tr <F—1§£> :

For an alternative proof, see Q8 in Example Sheet 3.

3.5 Deformation of area and volume elements

By
B,

Consider a surface S, in B, which deforms into the surface S; in B;. Let X be a point on
S, and x the corresponding point on S;. Let dX and dX’ be line elements of material on
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S, based at X and let dx and dx’ be their images (on S;) under the deformation. If F
denotes the deformation gradient, then

dx = FdX, dx' =FdX. (3.27)

Let dA and da be surface area elements on S, and S; respectively, and let N and n be
unit normals at X and x respectively.

For the parallelogram with sides dX, dX’ we have
NdA = dX x dX'.
Under the deformation this becomes a parallelogram with sides dx, dx’ and area

nda = dx x dx’.

From (3.27) we obtain
F'nda = FT[(FdX) x (FdX')]
— (det F)dX x dX'

using the result from question 10 of Problem Sheet 3. Hence
nda = J(FT)"'NdA,
where J = det F. With the notation
F7 = (F) = (FT,

this becomes
nda = JF"TNdA. (3.28)

This is an important result — it is known as Nanson’s formula, and it describes how
elements of surface area deform.

Next, consider the parallelepiped in B, formed by line elements dX, dX’, dX” at X. Its
volume dV is given by

dV =dX - (dX' x dX") = |dX dX' dX"|.
The corresponding volume dv in By is
dv = dx - (dx' x dx") = |dx dx' dx" | = |FdX FdX' FdX" | = |F| | dX dX' dX" |,

i.e.

dv = JdvV. (3.29)

By convention, volume is taken to be positive, so that

J=detF > 0. (3.30)
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From (3.29) we see that J is a measure of the change in volume under the deformation.
If the deformation is such that there is no change in volume then the deformation is said

to be isochoric, and then
J=detF =1. (3.31)

For some materials many deformations are such that (3.31) holds to a good approxima-
tion, and (3.31) is adopted as an idealization. An (ideal) material for which (3.31) holds
for all deformations is called an incompressible material.

Example
A (time-dependent) deformation is defined by
1 =aX1+ Xy, m=a Xy, w3=X;

(the same basis vectors being chosen for X and x), where a (# 0) and 8 are constants.
Show that the deformation is isochoric.

With respect to the given Cartesian coordinates the deformation gradient F has compo-

nents
a [0
Ox;
(F;j)5<a;(‘>: 0a o0
J 0 0 1

Clearly, det F = 1, so the deformation is isochoric. It corresponds to stretching by a

1

factor « in the x; direction, compressing by a factor =" in the x5 direction and then

shearing by an amount 8 parallel to the x; direction, as illustrated below by application
to a square with sides of unit length.

3.6 Further results from tensor algebra

The square root theorem

If S is a positive definite, symmetric CT(2) then there exists a unique, positive definite,
symmetric CT(2), U say, such that U? = S.

Proof Since S is symmetric we may write it in the spectral form

3
/ /
=1

where s; are the (real) eigenvalues of S and {e}} are the (unit) eigenvectors. Since S is
positive definite, we have s; > 0. Now define U by

3
U= Z Vi€ ® el
i=1
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Then, U is positive definite and symmetric and U? = S, as required. Uniqueness is
obvious — convince yourselves of this.

The polar decomposition theorem

Let F be a CT(2) such that detF > 0. Then there exist unique, positive definite,
symmetric tensors, U and V, and a unique proper orthogonal tensor R such that

F = RU = VR. (3.32)

Proof The tensors FFT and FTF are symmetric and positive definite. Hence, by the
square root theorem, there exist unique positive definite symmetric tensors U, V such
that

V2 =FF", U?=F'F.

Now define R = FU~!. We need to prove that R is proper orthogonal. First, we calculate
R'R = (FU Y (FUH =U'F'FU'=U'UU ' =1
and hence we deduce that R is orthogonal. Second, we calculate
det R = det(FU™) = (det F)(det U)™ > 0
and it follows that R is proper orthogonal.

Since U is unique, R is unique and hence F = RU. Similarly, F = VS, where S is proper
orthogonal. Thus,
F=RU = VS = RUR'R.

By uniqueness it follows that S = R, and hence (3.32) holds. Note that V = RUR”.
Corollary

If U has eigenvalues \; and eigenvectors u”, i € {1,2,3}, then \; > 0 and \; are also
the eigenvalues of V with eigenvectors Ru.

Proof \; > 0 follows from symmetry and positive definiteness of U. Also, we have
V(Ru?) = VRu®” = RUu"” = R(\;u”) = \;(Ru®?),

which shows that Ru® are the eigenvectors of V.

3.7 Analysis of deformation
3.7.1 Stretch, extension, shear and strain

Let M and m be unit vectors along dX and dx respectively, so that dX = M|dX]|, dx =
m|dx| and (3.22) gives
m|dx| = FM|dX].
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Thus

|dx|? = (FM) - (FM)|dX|? = (FTFM) - M|dX|? (3.33)
and hence p
||d—;|‘ = |FM| = [M - (FTFM)]2 = A\(M), (3.34)

which defines A(M) — the stretch in the direction M at X.
Note that 0 < A(M) < oc.

Now consider a pair of line elements dX;, dX, based at X, so that
dX1 = FXm, dX2 = FdXQ

and the angle between them is given by

M, - (FTFMS,)

=M;-M 0=
cos © 1 9, COS (M)A (M)

before and after deformation respectively.

The decrease in angle © — 6 (which may be positive or negative) is called the shear of
the direction My, M5 in the plane of My, Ms.

Next, from (3.33) we have

|dx|* — |dX|* = dX - (FTF — I)dX. (3.35)
The material is said to be unstrained at X if no line element changes length, i.e.

dX - (F'F —1)dX =0 for all dX,

or, equivalently,
A(M) =1 for all unit vectors M.

It follows that F'F — I = O, which allows the possibility that F is just a rotation R,
since, for orthogonal R, we have RTR = 1.

Strain is measured locally by changes in the lengths of line elements, i.e. by the value
of (3.35). Thus, the tensor FTF — I is a measure of strain. The so-called Green strain

tensor E is defined by
1
E = 5(FTF —1). (3.36)
Using the polar decomposition (3.32) for the deformation gradient F, we may also form

the following tensor measures of deformation:

C =FIF = U2,
B = FF? = V2. (3.37)
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We refer to C and B as the right and left Cauchy-Green deformation tensors respectively.

Since U is positive definite and symmetric there exist (unit) eigenvectors u® such that

3
U=> \u”@u, (3.38)

i=1

where \; > 0 are the principal stretches of the deformation and u®® are the principal
directions. Note that, in accordance with the definition (3.34), A; = A(u'?) — hence the
terminology principal stretch.

U and V are called the right and left stretch tensors respectively. The deformation F
rotates the principal axes of U into those of V as well as stretching along those directions.
The principal axes of U and V are sometimes referred to as the Lagrangian and Fulerian
principal axes respectively.

The displacement u of a particle is defined as

u=x—X,
so that
x=X+u
and
F = Gradx = I + Grad u, (3.39)

where Grad u is the displacement gradient and I is the identity tensor.

[Note that (Grad X);; = 0X;/0X,; = 0;;.]

3.7.2 Examples of deformations
1. Homogeneous deformation.

The most general form of homogeneous deformation is given by x = FX + ¢, with F
independent of X. The following examples are all special cases of this.

2. Homogeneous simple elongation of a circular cylinder (with lateral contraction).
with u™ along the axis of the cylinder.

3. Homogeneous pure dilatation.

This is defined by Ay = Ay = A3, F = \I and might be associated with, for example, the
deformation of a cube into a cube of a different size.
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4. Homogeneous pure shear.

This is defined by \; = X\, Ay = A7, \3 = 1, for example, or

5. Homogeneous simple shear. Simple shear is defined by the equations
T = X1 +7Xe, 12=Xy, 3= Xj,

where « (constant) is called the amount of shear, tan~! v is the shear of the directions
e1, ey, and the same basis vectors are used for both reference and current coordinates.

The deformation gradient F has components

10
(9:@
Fo) = (%) = 010

This is effectively a problem confined to the (1,2)-plane so we now restrict attention to
this plane and write
Ly
Fij) = -
) =|1]

To find the Lagrangian principal axes we consider

Ly
>=F'F = :
v [71+72] )

The characteristic equation for U2, from which the eigenvalues A\? are determined, is
det(U? — XT) = 0,

1.e.

or, when expanded out,

Let the roots be A%, \2. Then
MAAN=2+92 AN =1

[Note that A3 = 1 corresponds to u® = es.]

Now set Ay = A > 1, Ay = A7! so that

)\2+)\72:2+72
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and hence

1 1
A=A A== 14 -2,
g : 571+ 77

Let
uV = (cosf,sinh,0), u® = (—sinb, cosfh,0).

Then the representation

yields, when restricted to two dimensions,

UQZ)\Z

cos® 0 sin f cos 0 -2 sin? —sinf cos 6
sin @ cos § sin” @

—sinfcos 6 cos? 0

Comparison with () shows that

A cos? + A\ "2sin?0 =1,
A sin? 0 + A "2cos? 0 = 1+ 42,
(A2 = A72)sinfcosf =7,

from which we may deduce that

2
tan20 = —— (
v

13
VAN
Sx)
A

[\D\Lﬁ

u® €2

9 L

The corresponding angle for the principal axes of FFT = V2 is calculated in a similar
way. Let v&) = cospe; +sinp ey, v = —sinpe; + cos ¢ e,. The result is

€1

tan2¢:% 0<op< %).

3.8 Analysis of motion

The welocity gradient tensor, denoted L, is defined as

L =gradv (3.40)
and has components
L, = 2 (3.41)
Yo Ga:j ’
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with respect to the basis {e;}.

Using the second equation in (3.24) we obtain
Grad v = (grad v)F = LF.

Since v = x we also have

Gradx = 2Gradx =F.
ot
Hence, we have the important connection
F =LF. (3.42)
Using (3.26)
0

57 (det F) = (det F)tr (F~'F)

together with (3.42) we deduce that

)
5 (det F) = (det F)tr (L)

or, equivalently,
J = Jtr (L) = Jdivv, (3.43)

remembering that J = det F, tr (L) = L;; = Jv;/0x; = divv.
Thus, div v measures the rate at which volume changes during the motion.

For an isochoric motion J =1, J = 0 and hence

divv = 0. (3.44)

3.8.1 Stretching and spin

The deformation gradient F describes how material line elements change their length
and orientation during deformation; the velocity gradient L describes the rate of these
changes. Note that while F relates B; to B,., L is independent of B,.

Write
L=D+W, (3.46)
where ] 1
D:§(L+LT), W= 5(L—LT). (3.47)
—— ——
symmetric skewsymmetric

In order to interpret D and W we consider the line element dX — dx = FdX. Form the

difference
dx - dx — dX - dX = (FdX) - (FdX) — dX - dX
=dX - (FTFdX) — dX - dX
=dX - (FTF —1)dX.
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From (3.42) it follows that

Y (dx - dx — dX -dX) = dX - 2(FTF —1)dX = dX - (F'F + FTF)dX
— dX - (FTLF + FTLTF)dX = (FdX) - (L + LT)FdX
= 2dx - (Ddx).

This shows that D measures the rate at which line elements are changing their lengths.
It is called the (Fulerian) strain-rate tensor or rate of stretching tensor. The motion is
rigid if and only if D = O.

Since

%dx — FdX = LFdX = Ldx = (D + W)dx

and we have an interpretation of D, as discussed above, it remains to interpret W. We

do this by setting D = O, so that
0
—dx = Wdx = w X dx,
ot

where w is the axial vector of W. This shows that the motion is locally a rigid rotation
and W is a measure of the rate of rotation (or spin) of line elements — W is called the
body spin. The combination of D and W shows that the motion consists of stretching
and rotation (analogous to the interpretation of U and R).

3.9 Integration of tensors

We first summarize some results from vector calculus which will be needed. The diver-

/diVVdV :/ v - ndA, (3.48)
R OR

where R is a domain in R? and OR is its boundary (a closed surface), and v is a vector

gence theorem is written

field. An alternative form of the theorem is

/quﬁdV = ondA, (3.49)
R OR
where ¢ is a scalar field, or, in index notation,
0
/ Cav = [ onida. (3.50)
Rr 0% AR

In particular, (3.50) applies to the components (which are scalar fields) T, of any CT.
Thus,

T
MclV:/ Thgr..midA. (3.51)
r Ox; OR

In tensor notation (3.51) is equivalent to

/ vV TdV = / T ® ndA. (3.52)
R OR
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If, in particular, T is a CT(2) then contraction of (3.51), putting ¢ = p, gives

a7,
gy = / Ty unydA (3.53)
R OTp OR
or, in tensor notation,
/ div TdV = / T ndA. (3.54)
R OR

This is an important formula and will occur frequently in the remaining sections of the
notes.

For completeness, we also recall Stokes’ theorem

/Cu Cdx — /S(v « 1) - nd4, (3.55)

or its equivalent
/qﬁdx :/dA x Vo, (3.56)
c s

where S is an open surface bounded by the contour C, u is a vector field and dA = ndA.

3.10 Transport formulae

Let C;, S; and R; denote curves, surfaces and regions in B;, the current configuration of
the body. Then, the following identities hold:

% [ bdx — /ct@dx + ¢Ldx), (3.57)
< | onda= | {9+t (L)in— gL n)da (3.58)
a4 [ oo = / 16+ ot (L, (3.50)
% [ /Ct(fl + 1L ) - dx, (3.60)
% /S u-nda = /S [+ utr (L) — Lu] - nda, (3.61)
% . udv = /R [0+ tr (L)u]dv. (3.62)

Proof Use the formulae dx = FdX,nda = JFTNdA,dv = JdV to convert the inte-
grals over C}, Sy, Ry in By to integrals over C,., S, R, in B,, together with expressions for
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F and J. We illustrate the process by proving (3.58).

& Js,u-nda =4 [ u-(JFTN)dA
(note the integral is now over S,)

=4 [¢ (JF'u) - NdA
(using the definition of transpose)

—fsr JF u) -NdA

%,_/
at fixed X

= [, [JFa+ JFu+ JO(F') /0t u] - NdA.
From (3.43) we have .J = Jtr (L), and from (3.45) we have d(F~')/0t = —F~'L. Thus,

4 [ u-nda = [; [JF~Ma+ Jir (L)F~'u — JF~'Lu] - NdA
= fST{JFfl[l'l + tr (L)u — Lu]} - NdA
= fsr [+ tr (L)u—Lu] - (JFTN)dA
= [¢[a+tr(L)u —Lu] - nda
(converting back to an integral over S;).

We can establish the other formulae by following the same approach.
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4 Balance laws and equations of motion

The mechanics of continuous media are described by equations which express the balance
of mass, linear momentum, angular momentum and energy in a moving body. These
balance equations apply to all bodies, solid or fluid, and each gives rise to field equations
(differential equations for scalar, vector and tensor fields) for sufficiently smooth motions
(or jump conditions across surfaces of discontinuity). The fundamental concepts are mass,
force and energy.

4.1 Mass

Let B be an arbitrary configuration of a body B, and let A be a set of points in B
occupied by the particles in an arbitrary subset A of B. If, with A, there is associated
a non-negative real number m(.A) having physical dimensions independent of time and
distance, such that

(i) m(A1 U Ag) = m(A1) + m(Ag)

for all pairs Ay, Ay of disjoint subsets of B, and
(ii) m(A) — 0 as the volume of A tends to zero,
then B is said to be a body with mass function m. The mass of A is denoted m(A).

Properties (i) and (ii) imply that there exists a scalar field p defined on B such that

m(A):/Apdv (4.1)

(this is a result from measure theory, so a proof will not be given here).

We refer to p as the mass density of the material composing B — it is a scalar field,
usually assumed to be continuously differentiable (although sometimes allowed to be
discontinuous, but not in this course).

4.2 Mass conservation

Let R, be an arbitrary material region in the current configuration B;. As R; moves it
always consists of the same material, so its mass does not change, i.e.

d
= | pdv= 42
it [, P 0 (4.2)

— this is one form of the conservation of mass equation. From the transport formula
(2.59) we obtain

/ (p+ pdivv)dv =0,
R
and, since Ry is arbitrary, it follows that

p+pdivv =0 (4.3)
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at each point of the body (this deduction requires that the integrand is continuous). This
is the local form of the mass conservation equation — it is also known as the continuity
equation.

Recall, from (3.43), that
J = Jdivv.

Substitution for divv from (4.3) then gives
pJ +pJ =0,

ie. d(pJ)/ot = 0. Thus, pJ is constant for any material particle. In the reference
configuration J = 1, so that pJ = p,, where p, is the mass density in the reference
configuration. Thus,

p=J"p (4.4)

— another form of the mass conservation equation.

An alternative way to derive (4.4) is to note that

/pdv—/ pJdV = /prdV.
Rt T r

4.3 Force, momentum and torque

Let R; C B;. The linear momentum of the material occupying R; is defined as

M(Rt):/R pvdu. (4.5)

If x is a point of R; with respect to an origin o then the angular momentum of R, with
respect to o is

H(R:;0) = /R x X (pv)dv. (4.6)

4.3.1 Application to rigid motions

Recall, from (2.4), that a rigid motion is given by
=c(t)+ Q)X
It follows that
vE=x=¢4+QX=¢4+QQ7(x—c)=¢+W(x—c),
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where W = QQ7 is skewsymmetric. Hence
v=Cc+WwWX (x—c),

where w is the axial vector of W. From (4.5) we therefore obtain

M= | plc+Wwx (x—c)ldv=m[c+W x (X—c)], (4.7)
Ry
where
m = pdv,
Ry
the total mass in R;, and
mX = / pxdv,
Ry
X being the centre of mass of R; relative to o.
Similarly,
H= | pxx[c+wWXx(x—c)]dv =mx x (¢ —w x c)+Kw, (4.8)
R
where
K= [ plx-x)I—-x®x|dv (4.9)
R

is the inertia tensor of the material in R; relative to o.
Note that (4.7) and (4.8) may be written as
M = mv, H = mx x v + Kw, (4.10)

where Vv = ¢ +w x (X — c) is the velocity of the centre of mass and K is the inertia
tensor relative to the centre of mass.

4.4 Body and surface forces

The concepts of force and torque describe the action on a moving material body B of its
surroundings and the mutual actions of the parts of B on each other. With R; C B; we
associate two vectors, F(R;) and G(Ry;0), called the force and the torque with respect to
o on the material in R;. Two types of force and torque must be accounted for in general
— body forces and body torques, which act on the particles of a body (arising from gravity
or magnetic fields, for example), and contact forces and contact torques resulting from
the action of one part of the body on another across a separating surface.

The body force and torque, measured per unit mass, are denoted b and c respectively.
Their contributions to F(R;) and G(Ry; 0) are

/ pbdv, / [x X (pb) + pc]dv
Rt Rt
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respectively.

A mathematical description of contact forces (but not torques) relies on Cauchy’s stress
principle (which is regarded as an axiom). This states that

the action of the material occupying that part of B, exterior to a closed surface S on the
material occupying the interior part is represented by a vector field t(y), with physical
dimensions of force per unit area, defined on S.

We refer to ty,) as the stress vector. It is assumed to depend continuously on n, the unit
outward normal to S.

If this stress principle gives a complete account of contact action then the material is said
to be non-polar and does not admit contact torques. All classical theories of solids and
fluids are of this type.

The contributions to F(R;) and G(Ry;0) of the contact forces acting on the boundary

OR; of R; are
/ t(n)da, / X X t(n)dCL
8Rt 8Rt

F(R,) = [, PPV + [5p, tmyda,

respectively. We now have

(4.11)
G(Rs;0) = [p p(x xb+c)dv+ [, x X tmda

for the total force and torque (sometimes referred to as couple) about o acting on R;.

4.5 FEuler’s laws of motion

Euler’s laws of motion are

M H
M _ g dH

4.12
o -5 =G (4.12)
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and these hold independently of the choice of origin (although G and H do depend on
such a choice).

They parallel Newton’s laws for particles and rigid bodies. Note, however, that in classical
mechanics (4.12), is a consequence of (4.12);, whereas in continuum mechanics this is not
the case — the two equation (4.12) are independent.

Normally, body torques do not arise, so we set ¢ = 0, and (4.12) are then written in full

as
d
(4.13)
d
% ; PX X vdv = th pPX X bdv + faRtX X t(n)da‘7

— the equations of linear and angular momentum balance.
Using the transport formula (2.62) with u = pv and (4.3) we obtain

4 pvdy = / [pV + pv + p(div v)v]dv = / pvdv.
dt R: Ry Ry

Hence (4.13) can be written

/ pla=b)dv = [ tmda,
Ry
(4.14)

/ px % (a—b)dv = [, x X tmyda,
R '

where a = v is the acceleration.

4.6 The theory of stress

4.6.1 Cauchy’s theorem

Let (t,b) be a system of surface (contact) and body forces for B during a motion. A nec-
essary and sufficient condition for the momentum balance equations (4.14) to be satisfied
is that there exists a second-order tensor o (called the Cauchy stress tensor) such that
(i) for each unit vector n,

t(n) = O'Tl’l, (415)

where o is independent of n, (ii)
ol =o, (4.16)



(iii) o satisfies the equation of motion
dive + pb = pa. (4.17)

Proof Sufficiency: check by substituting (4.15)—(4.17) into (4.14). The calculations in-

volved are similar to those required to prove necessity, so will not be given here. Necessity:
assume that (4.14) are satisfied. The proof involves a number of steps.

Lemma 1

Given any x € By, any orthonormal basis {e;} and any vector p with p-e; > 0,i €
{1,2, 3}, we have

Proof

S

—

€2

€1

Let x € By, 6 > 0 and consider the tetrahedron shown. The faces are Si, .55, S3 and Sy,
with unit (outward) normals —e;, —ey, —es, p respectively, J being the distance of the
sloping plane from x.

Since a and b are continuous on B; they are bounded on some neighbourhood of x in B,
containing the tetrahedron for sufficiently small §. Similarly, p is bounded, so

‘/ tmyda| = ‘/ p(a—b)dv
8Rt Rt

where k is a constant independent of 9.

< kvol (R,),

If A(J) denotes the area of the face S5 then there exist positive constants ¢, c2 such that
A(0) = ¢16%,  vol (Ry) = cp6°.
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Hence
1

— tmda — 0 asd — 0.
A@/m "

Let A; denote the area of S;. Since, by the divergence theorem, we have

/ e;-ndS =0 ic{l,23},
OR:

it follows that
A; = (e; - p)A(9).

But \
tnda:/tpda+ /t—eida
\/6Rt ™ Ss ( ) lz:; Si ( )
and .
—— | t(p)da — t(p,x) asd— 0,
105 /. tpa > t(p.x)
i )
—— [ t(—e;)da — (e; - p)t(—e;,x) as d — 0.
1), Heddn = (e pt(—e

Hence the stated result.

It follows that
t(e;,x) = —t(—e;, x)

and hence

for any vector p.

Main result consider the tensor o defined by

3

ol (x) = Zt(ei,x) ® e;.

i=1
Then ,
o'n = Z(ei -n)t(e;, x) = t(n,x)

=1

by (4.18). Hence (i) is established.

On substitution of t(,) = o' n into (4.14);, we obtain

/ p(a—b)dv:/ O'Tnda:/ divodv
Ry OR: Ry
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by the divergence theorem (2.54). Thus,
/ [dive — p(a— b)]dv = 0.
Ry

Since Ry is arbitrary, (iii) follows (provided the above integrand is continuous). It remains
to prove (ii).

Next, substitute (4.15) and (4.17) into (4.14)s to give

/Rtx x (div o)dv :/ x x (6'n)da. (%)

ORy

Noting that u x v = a x b, for any vectors u, v, a, b, is equivalent to
uv—-veeu=a®b-b®a,

we write (x) as

/ [x ®@dive — (dive) @ x]dv = / (x®o'n—o0'n®x)da,
Ry OR

which, by application of the divergence theorem, becomes
/ [x ® dive + (gradx)o — (dive) ® x — o’ (gradx)” |dv.
Ry
Since grad x = I, we deduce that

/Rt(a —o")dv = 0.

Since Ry is arbitrary, (ii) follows.

(It may prove easier to work through the above calculation using index notation.)

4.6.2 Normal and shear stresses

Suppose an element of area da on a surface S is subjected to a contact force t(n)da. The
normal component o of the stress vector, defined as

c=n-t=n-(on), (4.20)

is called the normal stress — it is tensile (compressive) when positive (negative).

The component of the stress vector tangential to S is
T=|t—(t -n)n|, (4.21)

so that
?=t-t—(t -n)
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We refer to 7 as the shear stress.

If 7 =0 and o is independent of n then the stress is said to be hydrostatic. In this case

there is a scalar field p, called the pressure, such that

At a point x in the current configuration B; let o have components o;; with respect to
basis vectors {e;}. Then o;; is the jth component of force per unit area in B; acting on

t(n) = —pn, o= —pl.

a surface whose normal is in the i-direction.

In the case of (4.22) 091 = 0, 093 = 0, 099 = —p, so the only force acting on the
shaded surface is a normal pressure.

Example
Let B; be defined by

Given that the stress field has components

on = —0p = —q(a] —a3)/a®, 012 = 2qu132/a,

show that the equilibrium equations are satisfied and determine the forces which must
be applied to B, to maintain this state of stress. Also, calculate the resultant forces and

torques (about o) on the faces 1 = +a, ry = *a.

We have

80'11

al‘l

80’12

3x1

80'12

8132

80’22

(9:162

= —2qw1/a® + 2qz1 /a® = 0,

= 2qry/a® — 2qxy/a® = 0.

Hence, diveo = 0, i.e. the equilibrium equation is satisfied.

On the faces 1 = £a we have n = +e;, and hence

t=on = ia‘el = j:al-lei = :l:(0'11,0'2170'31)

Similarly, on xy = +a,

t = £(012, 099, 032) = £(£2g21/a, q(27 — a®)/a®,0).

= +(—q(a® — 23)/a® £2qz2/a,0).
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On z3 = £+h we have t = 0.

The resultant force of 1 = a is

/tda = [* (—q(a® — 23)/a? 2qz2/a,0)dz, th dxs
s
= (—8¢ha/3,0,0).

The resultant torque on z; = a is

h a
/X X tda = / / (—2qzaxs/a, —q(a® — 3)x3/a®, q(3a® — 23)12/a’) dwadzs = 0.
S —h J—a

Similarly for the other faces.

4.7 Energy

The kinetic energy K(R;) of the material occupying R; is defined as
1
K(Ry) = / —pv - vdu, (4.23)
R, 2
and the rate of working, or power, P(R;) of the forces acting on R, is defined as

P(Ry) :/ pb-vdv—i—/ t - vda. (4.24)
Ry OR,
By using t = on in (4.24), we obtain

P(Ry) = g, Pb-vdv+ [, (on) - vda
= th pb - vdv + faRt(a'v) -nda
(since o is symmetric)
= [p,[pb - v +div (ov)]dv
(by the divergence theorem)
= [p,lpb- v+ (dive) - v +tr (gL)]dv
(SiHCG (O-ijvj>,i = 0i5,:V; + OiV5i = 045,iU; + Uiiji)
= [pl(pb +dive) - v +tr (eD)]dv
(since Uiiji = Uij(Dij + Wl]) = UijDij>
= [, [V v +tr(eD)]dv
(using the equation of motion)
= [, 3P0(v - v)/0tdv + [, tr(oD)dv
= er 20, 0(v - v)/0tdV + th tr (oD)dv
(since pdv = p,dV')
_d 1
= G Jp spr(v-v)dV + [ tr(eD)dv
= 4K (R) + [z, tr (6D)dv.
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Thus,

P(R) = S K(R) + S(R) (4.25)

where

S(Rt):/R tr (eD)dv. (4.26)

Equation (4.25) is an energy balance equation — work done by the body and surface
forces is converted into kinetic energy and S(R;) — the latter may consist of stored (or
potential) energy or be a measure of the amount of work dissipated in the form of heat
or be a mixture of the two.
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5 Constitutive equations

5.1 Constitutive assumptions

So far, we have the following equations governing the motion of a continuous body:

equation of mass conservation
p+ pdivv = 0; (5.1)

equation of motion
diveo + pb = pv; (5.2)

equation of angular momentum balance

ol =o. (5.3)

These provide 7 scalar equations for 13 scalar fields — p, v (3 components), o (9 com-
ponents) with the body force b regarded as known. Equivalently, given (5.3), equations
(5.1) and (5.2) provide 4 equations for 10 scalar fields — p,v (3 components), o (6
components).

The missing 6 equations are provided in the form of constitutive equations, which give
expressions for the 6 components of o in terms of kinematical quantities, as we now
describe.

It is assumed that at time ¢ the stress is uniquely determined by the motion x, i.e. o is a
function (more generally functional) of x,v,F L, ... and possibly also higher gradients
of the deformation. We then have 10 equations for 10 unknowns, and, by substituting
the constitutive equations into (5.1) and (5.2) we arrive at 4 equations for p and v, and
(5.3) will be satisfied automatically. We now illustrate the general principles involved
in the development of constitutive equations by focussing on the case of homogeneous
elastic materials, for which o depends only on F. (For an inhomogeneous material there
is, additionally, explicit dependence on X.)

5.2 Elastic materials

The constitutive equation for an elastic material is written in the form
o=g(F), (5.4)

where g is a symmetric tensor-valued function, defined on the space of deformation gra-
dients F. Equation (5.4) states that the stress in B, at a point X depends only on the
deformation gradient at X and not on the history of deformation, and, in particular, it
is independent of the path of deformation taken to reach the point F.
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When the stress is removed the deformation returns to its original value (that in B,), so
that
g(l) =0, (5.5)

i.e. the undeformed configuration is free of stress. In some situations it will be necessary
to relax this condition, but it is adopted here for the time being. We refer to g as the
(Cauchy stress) response function of the material relative to B,.. It should be emphasized
that, in general, the form of g depends on the choice of reference configuration.

5.3 Objectivity
Suppose that a rigid-body motion
x* = Q(t)x + c(t) (5.6)

is superimposed on the motion x = x(X,¢). Then, the resulting deformation gradient,
F* say, is given by
F* = QF. (5.7)

In index notation, this may be proved as follows. Note first that, since

*
x; = QipTp + Ci;

we obtain 9t 9
z iy
&T; = QipTZ = Qip5pk = Qik?
and hence

(]

an - 8;Uk (9XJ

FZ _ dxz; Oz} Oxy

= szij

For an elastic material with response function g, the stress tensor, o* say, associated with
the deformation gradient F* is
o =g(F").

We now determine how o* is related to o. Under the rotation Q the unit normal n to OR;
becomes n* = Qn and the traction vector t becomes t* = Qt. Since t = on, t* = o*n*
we obtain

Qon = o"Qn.
This holds for arbitrary n and hence Qo = o*Q), i.e.

o =QoQ". (5.8)
The response function g must therefore satisfy the invariance requirement

g(F*) = g(QF) = Qg(F)Q" (5.9)
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for each F and all rotations Q. This expresses the fact that the constitutive law (5.4) is
objective. In essence, this means that material properties are independent of superimposed
rigid-body motions. It can also be interpreted in terms of observers. In that case, rather
than representing a superimposed rigid motion equation, (5.6) is treated as an observer
transformation. For the elastic materials discussed here the consequences of the two
interpretations are identical, but in general this may not be the case for other materials.
The difference is quite subtle and has generated some controversy in the literature.

Definition 1. Let ¢,u, T be scalar, vector and (second-order) tensor fields defined on
By, i.e. they are Eulerian in character. Let ¢*,u*, T* be the corresponding fields defined
on Bf, where B} is obtained from B, by the rigid motion x* = Qx + c. The fields are
said to be objective if, for all such motions,

" =¢, u =Qu, T'=QTQ’. (5.10)

Example If ¢ is an objective scalar field then grad ¢ is an objective vector field. We
note that, in components,

(grad ¢); = (grad” ¢*); = (grad” ¢); (since ¢* = ¢)
_ dp  0¢ Oy,

oxf  Oxy Ozt

)

Next, since x* = Qx + c, it follows that x = QTx* — Q'c, or, in components,

*
Ty = ka.’ﬂp - kacp-

Hence P
Ok = Qe

* p *

ox! ox}

)

= kaépi = Qilm

which leads to
(grad ¢); = Qu(grad @)y,

i.e. (grad ¢)* = Q(grad ¢). Thus, grad ¢ is an objective vector.

Example Let
X = x(X, 1) = QU)X(X, £) + ct).

Then P
v = 5? :Qv+Qx+é.
Since v* # Qv it follows that the velocity is not an objective vector. Similarly, for the
acceleration,
. 0 . w
a* = 5 =Qa+2Qv+ Qx + ¢.
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5.4 Material symmetry

Let o be the stress in configuration B;, and let F,F’ be the deformation gradients in
B, relative to the reference configurations B,., B, respectively, as depicted in Fig. 1. We
denote by g and g’ the response functions relative to B, and B!, respectively, so that

o =g(F) = g'(F). (5.11)

Figure 1: Paths of deformation with deformation gradients F and F’ from reference
configurations B, and B!, which are connected by deformation gradient P.

Let P = Grad X’ be the deformation gradient of B] relative to B,, where X' is the
position vector of a point in B/. Then

F =FP. (5.12)

To prove (5.12), we use index notation. We have

0X;  0X;,0X;

Fyj = :Fi/kpk]"

Substitution of (5.12) into (5.11) then gives

g(F'P) =g'(F').
In general, the response of the material relative to B!, differs from that relative to B,, i.e.
g’ # g. However, for certain P we may have g’ = g, in which case

g(F'P) = g(F) (5.13)
for all deformation gradients F’ and for all such P.

The set of tensors P for which (5.13) holds defines the symmetry of the material relative
to B, — the larger the set the more symmetry there is. An example is provided by the
structure of a cubic crystal, which has certain rotational symmetry.
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Let G denote the set of (invertible) second-order tensors, denoted H, such that, in line
with (5.13),
g(FH) = g(F) (5.14)

for all deformation gradients F.

Then G is a multiplicative group, called the symmetry group of the material relative to
B,.

To show this we note that if Hy, Hy € G then, by application of (5.14) for different F and
H

Y

g(FH,H;) = g(FH,) = g(F)
and hence HiH, € G (closure); if H € G then
g(FH™') = g(FH 'H) = g(F)
and hence H™! € G (inverse); and I € G since g(FI) = g(F) (identity). Thus, the
requirements of closure, inverse and identity for a group are satisfied.
5.4.1 Important example: isotropy

If G is the proper orthogonal group then the material is said to be isotropic relative to
B,, and

g(FQ) = g(F) (5.15)
for all proper orthogonal Q (for every deformation gradient F'). Physically, this means that
the response of a small specimen of material cut from B, is independent of its orientation
in B,.

5.4.2 Example: Noll’s rule

In general, the symmetry group changes with a change in reference configuration. Let P
be the deformation gradient B, — B.. If G is the symmetry group of the material relative
to B, and G’ that relative to B! then

G =PGpP . (5.16)
To show this let g and g’ be the response functions relative to B, and B! respectively.
Then

g (F') =g(F'P) = g(FPH) (since H € G)
= g(FFPHP 'P) = g/(FFPHP ),

and hence PHP ™! € ¢’ i.e. H € G if and only if PHP~! € ¢’. Equation (5.16) is known

as Noll’s rule.

If P is a rotation and G corresponds to isotropy, then G’ = G. We now focus on isotropic
materials, for which purpose we require some further results from tensor algebra.
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5.5 Isotropic functions of a second-order tensor

Definition 2. The scalar function ¢(T) of a symmetric second-order tensor T is said to
be an isotropic function of T if

$(QTQ") = ¢(T) (5.17)
for all orthogonal tensors Q.

We remark that the notion of an isotropic function is different from that of an isotropic
tensor.

An isotropic scalar-valued function of T is also called a scalar invariant of T. We may
check that the principal invariants I, Is, I3 of T are scalar invariants in accordance with
(5.17), as follows. For example, for I; = tr(T) we have already seen that, since Q is
orthogonal,

L(QTQ") = tr (QTQ") = tr (Q"QT) = tr (T) = [1(T),
while, for I3 = det(T),
L(QTQ") = det(QTQ”) = (det Q)(det T)(det Q") = det T = I3(T),

and similarly for Is.

Theorem 1. ¢(T) is a scalar invariant if and only if it is expressible as a function of
Il7 127 13'

Proof. 1t is sufficient to consider T written in spectral form

3
T=>) tef®e,
i=1

where t; are the eigenvalues of T. Since ¢(QTQ") = ¢(T) for arbitrary orthogonal Q we
conclude that ¢ depends on T only through its eigenvalues, and we may write

(T) = ¢(t1,t2,13)
with
¢(t17 to, t3) = ¢(t01 y tog y tO‘g)
for all (o10903) permutations of (123). But t;, ¢y, t3 are the roots of the cubic

2 —LtP 4+ Lt —1;=0

and are therefore functions of the principal scalar invariants I, I, Is. Hence ¢ depends
only on Iy, I, I3 or, equivalently, it depends symmetrically on ¢, t5, t3.

Let G(T) be a symmetric second-order tensor function of T. ]
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Definition 3. G(T) is said to be an isotropic tensor function of T if
G(QTQ") = QG(T)Q" (5.18)
for all orthogonal Q.

A specific example of a function satisfying (5.18) is as follows. Let ¢g, ¢1, ..., ¢dn be
scalar invariants of T. Then

G(T) = ¢pol + 91T+ -+ + o5 TV
is an isotropic function of T.
Theorem 2. If G(T) is isotropic then its eigenvalues are scalar invariants of T.
Proof. Let a(T) be a principal value of G(T), so that

det[G(T) — o(T)I] = 0.

Similarly, a(QTQT) is the corresponding principal value of G(QTQ"), so that

det[G(QTQ") — a(QTQ")I] = 0.
Using (5.18) we may re-write this as

det|QG(T)Q” — a(QTQMI) = 0,
and hence, noting that this may also be written

(det Q) det[G(T) — a(QTQ”)I](det Q) = 0,

we deduce that
det[G(T) — a(QTQ™)I] = 0.

Thus, o(QTQT) is a principal value of G(T) for all orthogonal Q and hence
a(QTQ") = o(T)
for all orthogonal Q, i.e. the principal values are scalar invariants of T.
O

Theorem 3. FEvery eigenvector of T is an eigenvector of the isotropic function G(T).

Proof. Let ty,t5,t3 be eigenvalues of T corresponding to (orthonormal) eigenvectors my,
my, mg. Then
T = timy @ my 4 tomy @ my + t3m3 X ms.

Suppose that
G(T)m; = am; + fmy + ymj.
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Let Q be a rotation about m; through 7, so that

Qm; =m;, Qmy=-m,;, Qmjz=-m;.
Then, it follows that
QTQ' =T
and
G(T)m; = G(QTQ")m; = QG(T)Q"m;  (by isotropy)
= QG(T)m; = Q(am; + fmy + ymy),
ie.

am;y + 611’12 + yms = oy — ﬁmg — YIms,

and hence, since m;, my, ms are linearly independent, /5 = v = 0. Thus, m; is an
eigenvector of G(T). Similarly for my and mg. ]

Theorem 4. A symmetric second-order tensor-valued function G(T) of the second-order
symmetric tensor T is isotropic if and only if it has the representation

G(T) = ¢ol + ¢ T + ¢, T?, (5.19)
where ¢g, @1, ¢o are functions of 1y, I, I3, i.e. they are scalar invariants of T.

Proof. 1f (5.19) holds then G(T) is clearly isotropic. On the other hand, if G(T) satisfies
(5.18) then we need to show that (5.19) follows.

We know from Theorem 3 that G(T) is coaxial with T, and from Theorem 2 that the
principal values of G(T) are invariants of T. Let ¢; and g; be the principal values of T
and G(T) and suppose that t,ts,t3 are distinct. Consider the three equations

G0 + Piti + Pot? = g, i€{l,2,3}, (5.20)

for the three unknowns ¢g, @1, 2. The solutions ¢g, @1, o are functions of t;, g; (i =
1,2,3) which, from Theorems 1 and 2, are themselves functions only of Iy, I, I3. Thus,
¢0, P1, P2 are uniquely defined by (5.20) as invariants of T. Since G(T') and T are coaxial
equation (5.20) is just (5.19) referred to principal axes. Hence, by multiplying equation
(5.20) by m; ® m; and summing over i, we obtain (5.19). If 1, t5, t3 are not distinct this
proof requires modification, but we omit the details.

]
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5.6 Isotropic elasticity
From the definition (5.15) of isotropy we have

o =g(F) = g(FQ) (5.21)
for all proper orthogonal Q and each deformation gradient F.

The choice Q = R and use of the polar decomposition F = VR in (5.21) gives
o=g(V). (5.22)
Next, objectivity of the constitutive law o = g(F') yields
Qg(V)Q" = Qg(F)Q" = g(QF)
for all proper orthogonal Q, and, with F replaced by QF and Q by P in (5.21),
g(QF) = g(QFP)

for all proper orthogonal P and Q. Hence

Qg(V)Q" = g(QFP).
By choosing P = (QR)? and writing F = VR we then obtain

Qg(V)Q" =g(QvQ") (5.23)

for all orthogonal tensors Q. In fact, since Q occurs twice on each side of (5.23), allowing
Q to be improper orthogonal does not affect (5.23), which then states that g(V) is
an isotropic function of V in accordance with the definition (5.18). Thus, the response
function g has all the properties associated with the isotropic tensor function G discussed
in Section 3.5.

In particular, for an isotropic elastic material, o = g(V) is coazial with V, i.e. with the
Eulerian principal axes, and, from Theorem 4, we therefore have

o =g(V) =gl + ¢V + V>, (5.24)
where ¢q, @1, @2 are invariants of V| i.e. functions of
i1 =AM+ A+ A3, G2 = A3+ AsA + Mg, i3 = A AaAs.
Alternatively, we may write

3
i=1

where
Ui:¢0+¢1)\i+¢2>‘§ 1=1,2,3.
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5.7 Hyperelastic materials

Recall that the energy balance equation can be written in the form

1
/ pb-vdv—i—/ t-vda = 4 —pv-vdv+/ o - Ddv. (5.25)
R OR; dt Jg, 2 Ry

If there is no dissipation then the work done by the body and surface forces is converted
into kinetic energy and stored elastic energy. In this connection an interpretation for the
second term on the right-hand side of (5.25) is needed.

/ a-de:/ ST . Fav,
Rt T

S = JF~!o being the engineering stress. Then, the integrand ST - F is interpreted as the

Write

rate of increase of elastic energy per unit volume in B,..

This prompts the introduction of the elastic stored energy W (F) per unit volume in B,

such that
0

aW(F) =S’ .F. (5.26)
Hence 9 p
/Rt o - Ddv — /R SWENY = & /R W(F)dV,
where
W (F)dV
Ry

is the total elastic strain energy in the region R,. The right-hand side of (5.25) can now
be written as

d . . :
a(kmetlc energy -+ strain energy).

Since W depends only on F, we have

] oW OE; (oW oW\ .

where IF is the second-order tensor with components defined by the convention

oW\ _ oW
OF ) ., OF;

Comparison of this with (5.26) and (5.27) shows that

ow ow
S=3F S~ ap

o (5.28)

LW (F) is also called the strain energy or potential energy (per unit volume in B,.).
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which provides a formula for o in terms of W (F):

L OW
o =g(F) = (detF) Fé_F (5.29)

We remark that W (F) represents the work done (per unit volume at X) by the stress in
deforming the material from B, to B, (i.e. from I to F) and is independent of the path
taken in deformation space. An elastic material which possesses a strain-energy function
W is said to be a hyperelastic or Green elastic material.

We now write

S =JF 'o = (det F)F'g(F) = h(F), (5.30)
which defines h, the response function associated with S (relative to B,.).
Objectivity implies that

h(QF) = det(QF)(QF) 'g(QF) = (det F)F 'g(F)Q" = h(F)Q"

for all proper orthogonal Q. On the other hand, material isotropy implies that

h(FQ") = det(FQ")(FQ")'g(FQ") = Q(det F)F'g(F) = Qh(F)

for all orthogonal Q. For an isotropic material the polar decompositions F = RU = VR
yields
h(F) = R"h(V) = h(U)R, (5.31)

by which, with the aid of (5.24) and the identity V = RURT,

h(U) = h(F)R = (det F)F 'g(F)R
— (det U)U 'R (¢l + ¢1V + 6, VAR
= (det U)U ™ (poI + 01U + . U?) = det U (¢oU " + 11 + ¢ U),

where ¢; (i =0, 1,2) are scalar invariants of U.

Objectivity of W

Since W is a scalar function objectivity requires that it is unaffected by a superimposed
rigid-body rotation after deformation, i.e.

W(QF) = W(F) (5.32)

for all rotations Q for each deformation gradient F. This may also be expressed by
referring to W as being indifferent to observer transformations.
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Isotropy of W

For a hyperelastic material which is isotropic relative to B,., W (F) is unaffected by rota-
tions in B, (prior to deformation). Thus,

W (FP) = W(F) (5.33)

for all rotations P.

Setting P = R?”,F = VR in (5.33) gives

Hence, using (5.32) and (5.33),
W(QFP) = W(FP) = W(F) = W(V),
and setting P = (QR)? then yields
W(QVQT) = W(V) (5.34)
for all orthogonal Q. Equation (5.34) states that 1 is an isotropic scalar function of V

in accordance with the definition (5.17).

Thus, we may regard W as a function of the principal invariants i, io, i3 of V or, equiv-
alently, as a symmetric function of the principal stretches Ai, Ao, A3. In particular, we
have

W(A1, A2, A3) = W(Aoys Aoas Aoy (5.35)
for all (o10903) permutations of (123) and Ay, A2, A3 € (0, 00).

Mathematically, there is no restriction so far other than (5.35) on the form that the
function W may take, but the predictions of material behaviour based on the form of W
must make mathematical sense and must also be compatible with what is observed for
real materials.

It is usual to take W to be measured from the reference configuration B, so that
W(1,1,1) = 0. (5.36)

Furthermore, if the reference configuration is stress free then we also have the restriction
h(I) = O or, in terms of the derivatives of W with respect to the stretches,

ow
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5.8 Stress-deformation relations for an isotropic hyperelastic
material

For an isotropic material the strain-energy function is expressible as a function of the
principal stretches, as in (5.35). It follows that

3
. OW .
W=> —\. 5.38
2 on 9
But, from (5.26),
W=Jo-D=S8".F. (5.39)

Also, for an isotropic material, o is coaxial with V and can be written in the spectral
form

3
o= Z oiv? @ v®, (5.40)
i=1

Equation (5.39) can therefore be expressed as
' 3

W=7 oD, (5.41)
i=1

where D;; are the normal components of D referred to the axes v(@_ In order to obtain
expressions for the principal stresses o; in terms of the derivatives of W with respect to
the stretches we must compare (5.38) with (5.41). First, we need an expression for the
components D;;.

Note that by using the identity F = LF and the polar decomposition F = RU, the
symmetric part of the velocity gradient D may be written in the form

1 . .
D= §R(UU‘1 + U 'U)RY,

and that U has the spectral decomposition

3

i=1
from which it follows that
3
U= Z( Au® @ u® + \u® @ a® + Aa? @ ud).
i=1
Using the connection v(¥ = Ru® we calculate the components
) ) 1 .. . . )
D; =v® . (Dv®) = §u(’) J[(OU + U0 u?]
—u® . (DU @) = u®. (U)\i_lu(i))
=\ Hu® - (Tu®)] = AL,
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in which we have used symmetry and the fact that, since u® is a unit vector, u®.a® = 0.
Comparison of (5.38) and (5.41) now gives
3 3
A= Jo AT N,
el 12:1: o

and hence

ow
1 o
JN; oy o
i.e. S
= JI\— =1.2 5.42
UZ J aAl ) Z ) 737 ( )
where
J = M3, (5.43)

Expressions for T and S analogous to (5.40) can also be obtained. First we note that
since S = JF o, F~! = UT'R?, RTvl) = ul® and U~ 'u® = \; 'u® we may write

3
S=> tu v, (5.44)
=1
where W
ti = J\ o, = ) 0.45
o= 5y (545

Furthermore, from (5.31) we deduce that, for an isotropic material,
S = h(F) = h(U)R' = TWRT,

where we TW is the so-called Biot stress tensor. Hence, using (5.44) and (5.45),
3
T =) " tu? @u, (5.46)
i=1

and t; are just the principal values of T(), ie. the principal Biot stresses. If W is
regarded as a function of U then we may also write

ow ow
TYV=SR=(—— |R=—. 5.47
(5 )R =50 5.7

5.9 Stress-deformation relations in terms of the principal in-
variants of the left stretch tensor V
Instead of using the stretches \i, Ao, A3 as independent measures of deformation, we now

use (equivalently) the principal invariants iy, i, i3 of the left stretch tensor V. These are
defined by

il = tr (V) = )\1 + )\2 + /\3, (548)
1

iz = 5 [(trV)? = tr (VA)] = dads + Ashs + ke, (5.49)

i3 =detV = )\1)\2)\3 =J. (550)
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In this case we write the strain energy as W(il, i9,13) and S may be written

oW 011 ~ Oy Jis
S = I =Wy IF + Wo—= IF + Wa==> 9F (5.51)
where .
- ow ~ oW ~ oW
Wi = 8_2'1’ Wy = 822 Wi = 823 (5.52)

Expressions for 0i;/0F, 0iy/0F and 0i3/0F are quite difﬁcult to be computed. We
obtain such expressions indirectly by first calculating T and then using the connection
S = TWRT and comparing the result with (5.51).

Using (5.45) we obtain
t;, = Wl + (Zl — )\Z)WQ + i3)\i_1W3.

Hence, the Biot stress is given by
Z tu® @ u? = AT+ Wy(iyI — U) +isW5 U™,

and then
S = TWRT = W, R” + Wy (i, RT — FT) 4 isWsF L. (5.53)

Comparison of (5.53) with (5.51) shows that

82’1 T 822 T T 8@3 1
— = = - F = i3F~ .54
5F R", F =R " oF = i3 (5.54)

In terms of 71,19, i3 the Cauchy stress tensor has the representation
g = Zgl(VNVl + 21W2)V — i§1W2V2 -+ WgI (555)

This may be compared directly with (5.24) to provide expressions for the coefficients
¢0, P1, o2 which appear in (5.24).
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